
AD—AGGi UI NISSO4MI tN4I V CO4JJSI A DOT OF MA1ICNATICS fl• fl/i
ORDINARY DIFFERENTIAL EQUATIONS; OSCILLATION AIS STASILITY T)CO.—€TC(U)
NOV 76 W LEIGHTON DAA*29 76 G—O2O 6

IJNC LASSIFTFD AR0fl3610.8 N PG.
nFl  ______ END I

~~ 6l89I 
-r T ___ —n C9 I

I
I
I
II

I



I I

~I~II~II~II ‘ 
25 IllI~”~ IIIIi~

U. .,



I ‘- —
~
-
~~~~

•
~~~~

- I
EVEI /7LLVLL T1TLE~~

ORDINARY DIFFERENTIAL ,~ QUAT IONS : /
Ct) / ‘OSCILLATION MD STABILITY THEORY , (
00 TYPE OF REPORT (TECHN ICAL , FINAL , ETC. )
i~~4 7) Final

15 Apr*~~~~76— 31 Aug~.~~~1.&78
—~

AUTHOR (S)
i walter /Leighton_Jc~

DATE -~~~~~~~

~~. ‘ o~~~TT~8 ‘

.g
U. S. ARMY RESEARCH OFFiCE

CONTRA CT / GRANT NUMBER

/ ~ 
V1)AAG29 -76 G.02p6 1 D D C

INSTITUT iON DEC 7 1918

University of Missouri-Columbia

E

A PPROVED FOR PUBLIC RELEASE;
DISTRIBUTION UNLIMITED.

ht~ ) f  f~’I~
78 12 O ’ & . o i i ’ f l



~~~: ~~~~~~~~~~~~~~ 
- - - •  ~~ .—., .-. - - - - -‘ -,—

~~~~~~
- ---- - --~~~~~~~~~~~~~~

Unclassified
SECURITY C L A S S I F I C A T I O N  OF THIS PAG E (lfli .n D.I• FnI.rsd)

ROA D ~NSTRUCTZO NS
REPORT DOCUMENTATION P U BEFORE COMPLETING FORM

I. REPORT NUMB ER 2. .3OVT ACCESSIO N P40. 1. R E C I P I E N T S  C A T A L O G  NUMBER

4 TITL E (and SubHfl•) 5. TYPE OF REPORT S PERIOD COV ERED 
—

ORDINARY DIFFERENTIAL EQUATIONS : Final (April 15 , 1976-
OSCILLATION AND STABILITY THEORY Au~i 31 ~~ 7~ )

S. PtRF ORMIR~i ORG. REPORT NUMBER

7. AUTI4~~R(.) S. CONTRACT OR GRANT NUMBER(.I

Walter Leighton DAAG29 76 G O2O~~ v

5. PERFORMiNG ORGANIZAT ION NA M E AND ADDR ESS ID. PAOOAAM ELEMENT. P~~OJEC 1~. TASP ~

University of Missouri-Columbia 
p—13610-MDepartment of Mathematics

Co1umbi~~, ~~ 65201 _____________________________
II . CON~TROLLi NG OFFICE NAME AND AOO RESS 12. REPORT DAT E

U. S. Army Research Office lovember 8, 1978
P. 0. Box 12211 ~~ NUMSERO F PAGES

Research Triangle Fark , . C 7709 ___________________________
14. MONITORiNG AG ENCY NAME S A ODRES$( I f  d Uf . r a nf  from Cnntro lli ng Offic. ) IS. SECURITY CLASS. (of this r.porl)

Unclas s i f i ed
IS.. OECL AS SIFICA T, O N/DOW NGRA OINO

SCHEDULE

IS. DISTRIBUTION STATEMENT (of iii. R*por t )

Approved for public release; distribution unlimited.

Il. DISTRIB UTiON S T A T E M E N T  (of tha •b.tr •cI wf.,.d In Block 20 . Ii dlff. ,.n* lroai R.porf)

IS. SUPPLEMENTARY NOTES

The view, ‘i’pinions , and/or  findings contained in this report are those c’t ’ the
author(s) and should not be construed as an official Department. of the A riiy
position , poliry, c’r decision , unless so designated by other documentation .

IS. KEY WORDS (Conlinu. on r.v#raa aid. If n.c..aa,p and idanilfy by bloc k numb.,)

seif—adjoint, asymptotically stable s orthogonal sequence, conjugate points;
Liapunov functions; domain of attraction ; conjugacy function; minim~ix function;
characteristic numbers: characteristic functions. ~

— 

I. 

le c~ (
’
~ I ~

20. ABSTRACT (ConfSnus on ,.~.r.. aid. It nsc.s.ar ~ and Id.nf Sly by block numb.,)

~ Appreciably larger domains of attraction were found for asymptotically stable
equilibrium points of equations of the form ~ + ~J)+ f(x) — 0; a generaliz2ltio
of a classical result for orthogonal polynomials was obtained; a new coinpsrison
theorem for conjugate points of equations (r(x)y )’ + p(x)y — 0 is given, the
last yields a comparison theorem for the minimax function.

DO I j *N 73 1473 LOITION OF NOV 43 IS OBSOLETE 
unclassified

SECURITY CLASSIFICATIO N OF THIS PAGE (IShon II.,. ~ ni~ i~~J

L . 

1.2 1~J (~



r - - - -

~~~ 
.-

1

To study an asymptotically stable equilibrium point at x — 0 of a

differential equation

~~+ 8~~+ f(x) — 0  (8 > 0)

one first writes

x —

(1)
— —By — f (x) .

Under reasonable restrictions on f(x), the “standard” (cf. 1] Liapunov function

2 rX
V(x, y) — y + 2 j f (x)dx

0

yields a domain of attraction of the origin for (1).

In (2) it is shown that the Liapunov function

2
(2) V(x, y) — (k — x) + (k — x)f(x)dx,

with a suitable choice of the constant k yields an appreciably larger domain

of attraction. It is then shown that a still larger domain may be obtained

using the Liapunov function

V(x , ~ ) ~~~~ 
2 

+ IX e~~xf (x ) d x ,2 nOC kS kCUSI L i .
fl

for a suitable choice of the constant ct . JISII ICATIOI 

Next consider the differential system
D~!~I$ITIII , *V*ILAIItItY COOES

(r Cx) y ’ I ‘ + Ap (x) y — 0 , 
~~~~ *HIL. s~: x $~-1~~A L

ctyCa) + 8y ’( a) 0,

yy( b) + 6y ’ (b) — 0, 
________________

where r(x), p(x) are continuous and positive on (a , b I ,  and + ~
2 

> o ,

+ ~2 
~~• Let 0 < A 1 < < ... ~ + ~ be the characteristic numbers and

(y~(x)) the corresponding characteristic functions of this system. It is well

known that the functions form an orthogonal sequence on (a , bi with rospect

to the weight function p (x ) .
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In (3), it is shown that the functions y1
’(x), y2

1 (x), ... form an orthogonal

sequence on (a, bi with weight function r(x).

Consider a pair of seif—adjoint differential equations

(r ( x)y ’] ’ + p (x )y  — 0 ,
(3)

(r1(x)y ’) ’  + p1( x ) z  — 0,

where p(x), p
1
(x) are continuous and r

1
(x) and r(x) are positive and of class

C” on an interval I of the x-axis.

It is shown in (31 that if nonnul]. solutions y (x) and z(x) of (3) are

such that

z(a) — z(b) — 0 (a < b),

y (a )  — 0,

and if

(
~~I)2 — 

~~~~~~~~~~ ~~ � (&‘)2 - 2~i +  4~~ (a~~~x � b ) ,

with strict inequality holding for at least one point of f a, bi, then

y ( c)  — 0 (a ( c ‘. b ) .

This comparison theorem leads to a comparison theorem for the zeros of the

derivatives of a solution. Specifically , let 6(x) be the conjugacy function

(cf. 4] for the differential equation

(4) (r(x)y ’]’ + p (x )y  — 0.

Hera r(x), p(x) are continuous and positive on an interval I of the x-axis.

The conjugacy function 6(x), it will be recalled, is the (positive) distance

from a point x C I to its first conjugate point. The minimax function 6
1
(x)

associated with (4) is the (positive) distance from a point x C I where tho

derivative of a solution of (4) vanishes to the derivative’s next greater zero.

~ 1 A
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The result then is this. If

(5) 
(r ’)2 + 

(
~~I)2 > 2(2. +

with strict inequality holding at at least one point,

6(x) < 61(x) .

When the inequality (5) is reversed ,

61
(x) < 6(x).

Work was begun on two other projects, but there is nothing ye~ ready to

report. One project has to do with the detection of singularities of holomorphic

functions, and the other involves an attempt to determine new general methods

of constructing Liapunov functions . The Principal Investigator hopes to re-

examine these problems and others at some time in the future .
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